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Abstract. In this paper, we discuss a relationship between representation theory of 
graded sclf-injective algebras and that of algebras of finite global dimension. For a posi- 
tively graded self-injective algebra A such that Aq has finite global dimension, we construct 
two types of triangle-equivalences. First we show that there exists a triangle-equivalence 
between the stable category of Z-graded A-modules and the derived category of a certain 
algebra T of finite global dimension. Secondly we show that if A has Gorenstein parame- 
ter £, then there exists a triangle-equivalence between the stable category of Z/^Z-graded 
A-modules and a derived-orbit category of T, which is a triangulated hull of the orbit 
category of the derived category. 
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1. Introduction 

The notion of triangulated categories was introduced by A. Grothendieck and J. L. 
Verdier in their work of derived categories. It appears in several parts of mathematics, for 
example, representation theory, algebraic geometry and algebraic topology. In representa- 
tion theory of algebras, there are many important triangulated categories. In this paper, 
we study two major classes of triangulated categories, i.e. derived categories and stable 
categories. 

The derived category of an abelian category is a powerful tool which simplifies the study 
of homological properties of the abelian category. In representation theory of algebras, the 
notion of derived equivalences is important since it preserves a lot of homological properties 
of algebras. Moreover the derived category connects representation theory of algebras with 
various parts of mathematics, for example, algebraic geometry and mathematical physics. 

In 1980s D. Happel introduced a different kind of triangulated categories in [Halj . He 
showed that the stable category of a Frobenius category has a natural structure of a trian- 
gulated category. These triangulated categories are called algebraic. A typical example is 
given by self-injective algebras. The category mod A of modules over a self-injective algebra 
A is a Frobenius category, so the stable category mxxL4 is an algebraic triangulated cate- 
gory. Therefore we can study mod A by applying general theory of algebraic triangulated 
categories. 

There is an important relationship between the stable categories of self-injective algebras 
and the derived categories of algebras. Happel studied their relationship from the following 
viewpoint. For any algebra A over a field K, one can associate the trivial extension A = 
A © DA where D is i^-dual. This is a positively graded self-injective algebra with Aq = A 
and A\ = DA. He showed that if A has finite global dimension, then there exists a 
triangle-equivalence 

(1.1) mod z A ~ D b (modA) 

where mod z A is the stable category of the category of Z-graded A-modules, and D b (mod A) 
is the bounded derived category of mod A. This equivalence played an important role in 
representation theory. Although these algebras A and A are quite different from homolog- 
ical viewpoint, their representation theories are closely related. 

The first aim of this paper is to generalize Happel's equivalence. From Happel's result 
it is natural to ask the following question. 

Question 1.1. Let A be a Z-graded self-injective algebra. When is the stable category 
mod 1 A triangle-equivalent to the derived category D b (modA) for some algebra A ? 

Our approach to this question is to apply the notion of tilting objects (Definition ^. 9p and 
tilting theorem (Theorem 12. lip . If a Krull-Schmidt algebraic triangulated category T has a 
tilting object T, then T is triangle-equivalent to the homotopy category K b (proj Endr(T)) 
of bounded complexes of finitely generated projective Endr(^)-niodules. 

Moreover it is well-known that if an algebra A has finite global dimension, then the 
canonical embedding K b (projA) — > D b (modA) is an equivalence. These observations tell 
us that it is reasonable to divide Question 11.11 into the following questions. 

Question 1.2. Let A be a Z-graded self-injective algebra. 

(1) When does the stable category mod z A have tilting objects ? 

(2) If mod z A has tilting objects, do their endomorphism algebras have finite global 
dimension ? 
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The following first main result in this paper gives a complete answer to Questions 11.11 
and 11.21 for the positively graded case. 

Theorem 1.3 (Theorem l3.11 IBTTUj) . Let A be a positively graded self-injective algebra. The 
following conditions are equivalent. 

(1) Aq has finite global dimension. 

(2) mod 1 A has tilting objects. 

(3) There exists a triangle- equivalence mod 1 A ~ K b (projA) for some algebra A. 

(4) There exists a triangle-equivalence mod z A ~ D b (modA) for some algebra A. 

If A satisfies these equivalent conditions, then any algebra A in (3) has finite global dimen- 
sion. 

Applying Theorem 11.31 to the trivial extension A of A, we recover Happel's equivalence 

(ED. 

The second aim of this paper is to study the stable categories mod Z//aZ A for positively 
graded self-injective algebras A and positive integers a. The category mod z / aZ v4, especially 
mocL4 for the case a = 1, is a classical object in representation theory. The category 
mod Z v4 has the grade shift functor (a) : mod z A — > mod z A We have a fully faithful 
functor (mod Z y4) / (a) — » mod Z//aZ A where ( mod ^A) / (a) is the orbit category. This is not 
an equivalence in general, and their difference has been widely studied. At least the image 
of this functor generates mod Z//aZ v4 as a triangulated category. These observations suggest 
that mod z / aZ A will be triangle-equivalent to some derived-orbit category defined as follows. 

Let A be an algebra of finite global dimension, and M be a bounded complex of A op ®^ A- 

L 

modules such that F := — ®a M : D (mod A) — > D (mod A) is a triangle-equivalence. 
Although the orbit category D b (modA)/F does not necessarily have a structure of a tri- 
angulated category, we can construct a triangulated category D(A, M) which contains 
D b (modA)/F as a full subcategory and is generated by D b (mod A)/F (see |Ke2j ). We call 
D(A, M) the derived-orbit category. 

The first example of derived-orbit categories is cluster categories D(A, DA[— 2]). It was 
introduced in [Amill lAmi2| IBMRRT} IKe2] from the viewpoint of cluster tilting theory and 
their applications to the study of cluster algebras. 

Now we pose the following question. 

Question 1.4. Let A be a positively graded self-injective algebra such that Aq has fi- 
nite global dimension and a a positive integer. Is the stable category mod z ^ aI 'A triangle- 
equivalent to some derived-orbit category D(A,M) ? 

We study this question for a positively graded self-injective algebra satisfying the fol- 
lowing condition. 

Definition 1.5. Let A be a positively graded self-injective algebra. We say that A has 
Gorenstein parameter I if SocA is contained in An. 

The following second main theorem in this paper gives a partial answer to Question 11.41 

Theorem 1.6 (Theorem 16.21) . Let A be a positively graded self-injective algebra of Goren- 
stein parameter i . Assume that Aq has finite global dimension. Then there exist an algebra 
T of finite global dimension, a T op ®k Y -module M , and a triangle-equivalence 

mod z/a A~ D(r,M[l]). 
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Thanks to our assumption on Gorenstein parameter, we can give an algebra T and a 
r op ® K T-module M quite explicitly. 

As a special case of Theorem II .6[ we have the following result. 

Corollary 1.7. Let A be an algebra, and A be the trivial extension of A. If A has finite 
global dimension, then there exists a triangle-equivalence 

mod A ~ D(A,DA[1]). 

This means that the stable category of the trivial extension of A is triangle-equivalent 
to the "(-l)-cluster category" D(A,DA[1]). 

This paper is organized as follows. In section |2l we recall basic facts on triangulated 
categories and representation theory of graded algebras which are used in the latter sections. 

Our first main Theorem 11.31 is given in sections [3J In subsection 13.11 we give a proof of 
Theorem 11.31 (1) <^ (2) <^ (3). We show implication (1) =>■ (2) by constructing a tilting 
object T in mod z A explicitly. In subsections 13.21 and 13.31 we gi ye some properties of the 
endomorphism algebra T of T. By applying them, we give a proof of Theorem ll.3l (l) -v^ (4) 
in subsections 13.41 and 13.51 Then we give examples of Theorem 11.31 In section HJ we give a 
new proof of a result [IQ2|. Theorem 4.7] on higher preprojective algebra as an application 
of Theorem 11.31 Moreover we discuss the case of classical preprojective algebras. 

In section [5], we explain basic definitions and facts about DG categories. In particular 
we define derived-orbit categories which play a central role in section [6j Moreover we give 
a universal property of derived-orbit categories which plays an important role in the proof 
of Theorem 11.61 

Our second main Theorem 11.61 is given in section For a positively graded self-injective 
algebra A of Gorenstein parameter £, we give an algebra T and a r op ®jf T-module M in 
Theorem 11.61 explicitly. Then we construct a triangle-equivalence D(T,M[1]) — > mod z ^ a A 
by applying a universal property of derived-orbit categories. Finally we give examples of 
Theorem 11.61 

Conventions. Throughout this paper, let K be an algebraically closed field. An algebra 
means a finite dimensional associative algebra over K. For an algebra A, J\ means the 
Jacobson radical of A. We always deal with finitely generated right modules. We denote 
by modA the category of A-modules, and by proj A the category of projective A-modules. 
We denote the K-dual by D := Hom^(-, K). 

For a functor F : A — > B between categories A and B, we denote by ImF the full 
subcategory of B which consists of F(X) for lei. 

2. Preliminaries 

In this section, we recall basic facts on triangulated categories and representation theory 
of group graded self-injective algebras. In particular we recall tilting theorem for algebraic 
triangulated categories which plays an important role in the next section. 

2.1. Derived categories. In this subsection, we recall basic facts about derived cat- 
egories. For background for triangulated categories or derived categories, we refer to 
[FTalllHarllNel . 

For an algebra A, we denote by K b (proj A) the homotopy category of bounded complexes 
over proj A, and by D b (mod A) the bounded derived category of modA. They have struc- 
ture of triangulated categories and the canonical embedding K b (proj A) — > D b (modA) is a 
triangle- functor. 
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They have properties defined as follows. 
Definition 2.1. 

(1) A i^-linear category A is called Horn-finite if its morphism spaces are finite dimen- 
sional over K. 

(2) An additive category A is called Krull- Schmidt if any object of A is decomposed 
into a finite direct sum of objects in A which have local endomorphism rings. 

Proposition 2.2. For an algebra A, the homotopy category K b (projA) and the derived 
category D b (modA) are Horn- finite Krull-Schmidt categories. 

We have equivalent conditions for finiteness of global dimension below. We refer to 
[RVdBj for the details of Serre functors, and refer to [Halt Chapter 1.4] for the details of 
Auslander-Reiten triangles. 

Theorem 2.3. JHa2l Corollary 1.5] [RVdBl Theorem 1.2.4] Let A be an algebra. The 
following conditions are equivalent. 

(1) A has finite global dimension. 

(2) The canonical embedding K b (proj A) — > D b (modA) is an equivalence. 

(3) D b (modA) has a Serre functor. 

(4) D b (modA) has Auslander-Reiten triangles. 

L 

If these conditions are satisfied, a Serre functor is given by — £S>a DA, and the Auslander- 

L 

Reiten translation is given by — ®a DA[— 1]. 

2.2. Algebraic triangulated categories. In this subsection, we recall tilting theorem 
for algebraic triangulated categories which is due to Keller [Kelj . It provides us a method 
to compare given triangulated categories with derived categories of rings. 

First let us recall the definitions of Frobenius categories and its stable categories. We 
refer to [Ke3[ Qu for more axiomatic definition of Frobenius categories. 



Definition 2.4. |Hej [Hall Chapter I. 2] Let A be an abelian category. 

(1) A full subcategory B of A is called extension closed if for any short exact sequence 
-> X -»■ Y ->• Z 0, the condition X, Z e B implies Y G B. 

(2) Let B be an extension closed full subcategory of A. An object X in B is called 
relative-projective (respectively, relative-injective) if Ext\(X, B) = (respectively, 
Ext\(B,X) = 0) holds. 

(3) An extension closed full subcategory B of A is called Frobenius if it satisfies the 
following conditions. 

(a) For any object X 6 B, there exist exact sequences 0— >Y — > P — > X — t-0 and 
0— > X — > I — > Z — 7-0 in .4. such that each term is in B, P is relative-projective, 
and / is relative-injective. 

(b) Relative-projective objects coincide with relative-injective objects. 

Definition 2.5. For a Frobenius category B, the stable category B of B is defined as 
follows. 

• The objects are the same as B. 

• For X,Y e B, the morphism set from X to Y is defined by the factor 

Home(X, Y) = Hom s (A, Y) := Hom B (A, Y)/V(X, Y) 

where V(X, Y) is the subset of Hohib(X, Y) which consists of morphisms factoring 
through projective objects. 
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The stable category of a Frobenius category has a natural structure of a triangulated 
category (see |Hall Chapter I. 2]). 

Definition 2.6. |Hal[ IKe3l IKraj A triangulated category T is algebraic if it is triangle- 
equivalent to the stable category of some Frobenius category 

The class of algebraic triangulated categories contains the following important examples 
(see also Lemma 12. 23p . 

Example 2.7. Let A be an algebra. The category C b (proj A) of bounded complexes of 
projective A-modules has a structure of a Frobenius category. The stable category of 
C b (projA) coincides with K b (proj A). So K b (proj A) is an algebraic triangulated category 
(cf. [HaTl Chapter I, 3 .2]). 

In tilting theory, an important role is played by tilting objects defined as below. 

Definition 2.8. Let T be a triangulated category. 

(1) A thick subcategory of T is a triangulated full subcategory of T which is closed 
under direct summands and isomorphisms. 

(2) For a full subcategory X (respectively, object X) of T, we define thick 7- X (respec- 
tively, thick 7- X) as the smallest thick subcategory of T which contains X (respec- 
tively, X). We say that a full subcategory X of T generates T as a triangulated 
category if thick X = T holds. 

Definition 2.9. \Kel\ IRicf] Let T be a triangulated category. An object T G T is called 
tilting if it satisfies the following conditions. 

(1) Hom r (T,T[z]) = for any i ^ 0. 

(2) T = thick r T. 

The following is a typical example of tilting objects. 

Example 2.10. Let A be a ring. We regard A as a complex concentrated in degree 0. 
Then A is a tilting object in K b (proj A). 

Now we state Keller's tilting theorem. We refer to \IT\ Appendix] for the following form. 

Theorem 2.11. |BKj \Kel\ Theorem 4.3] Let T be an algebraic triangulated Krull- Schmidt 
category. If T has a tilting object T , then there exists a triangle-equivalence 

T~ K b (proj End r (T)). 

Thus it is a basic problem in the study of algebraic triangulated categories to find tilting 
objects. We study this for the stable categories of self-injective algebras in the subsection 

In the last of this subsection, we give the following easy observations for general trian- 
gulated categories. 

Lemma 2.12. Let T be a K-linear triangulated category, and X be a full subcategory of 
T which is closed under shifts [±1] and satisfies thicky-A" = T. If X is Horn-finite, then 
so is T. 

Lemma 2.13. Let T , U be triangulated categories, and X be a full subcategory ofT which 
is closed under shifts [±1]. For a triangle-functor F : T — > U, the following assertions 
hold. 

(1) //thick X = T and the restriction functor F\x is fully faithful, then so is F. 

(2) IfT is Krull- Schmidt, thick(ImF) = U and F is full, then F is dense. 
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2.3. Group graded algebras. In this subsection, we recall basic facts on representation 
theory for group graded algebras. We refer to |GG14 IGG2] for details in the case G — Z. 

We start with setting notations. Let G be an abelian group, and A = © igG Ai be a 
G-graded algebra. For a G-graded A- module X, we write Xi the degree i part of X. 

In the following, we give basic properties of the category mod G A of G-graded A-modules, 
which is defined as follows. 

• The objects are G-graded ^-modules. 

• For G-graded A-modules X and Y, the morphism space from X to Y in mod G A 
is defined by 

Hom A (X, Y) := {/ £ Eom A (X, Y) \ f{X i ) C Y for any i £ G}. 

We denote by proj G A the full subcategory of mod G A consisting of projective objects. 

We recall that mod G A has two important functors. The first one is the grade shift 
functor. For i £ G, we denote by 

(i) : mod G A ->■ mod G A 

the grade shift functor, which is defined as follows. For a G-graded A-module X, 

• X(i) := X as an A-module, 

• G-grading on X(i) is defined by X(i)j := Xj +i for any j £ G. 

This is an autofunctor of mod G A whose inverse is (— i). 
The second one is the J^-dual. The standard duality 

D := Hom K (-, K) : modA -> modA op 

induces the following duality. For a G-graded A-module X, we regard DX as a G-graded 
A op -module by defining (DX)i := D(X-i) for any % £ G. Then we have the duality 

£) : mod G A -> mod G A op . 

The following result gives basic properties of mod G A. 
Proposition 2.14. mod G A is a Horn-finite Kr nil- Schmidt category 

We have the following description of morphism spaces. 
Lemma 2.15. Let X and Y be G-graded A-modules. Then 

Honu(X,r) = 0Honu(X,r(*)) o . 

ieG 

We describe projective objects and injective objects in mod G A under a suitable assump- 
tion for A. 

Proposition 2.16. Assume that J A = Ja ® (©ieG\{o} ^ e ^ e a se ^ ^ °f idem- 

potents of Ao such that {eAo \ e £ PI} is a complete list of indecomposable projective 
A -modules. Then the following assertions hold. 

(1) Any complete set of orthogonal primitive idempotents of A is that of A. 

(2) A complete list of simple objects in mod G yl is given by 

{S{i) | i £ G, S is a simple Ao-module} . 

(3) A complete list of indecomposable projective objects in mod G yl is given by 

{eA(i) \ieG, e £ FT}. 
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(4) A complete list of indecomposable injective objects in mod A is given by 

{D(Ae)(i) \ieG, e G PI}. 

Finally we recall that the tensor algebra of two G-graded algebras admits a natural 
G-grading. 

Definition 2.17. For two G-graded algebras A and B, we define a G-grading on the tensor 
algebra A (& K B by 

(A® K B)t : = |^a®6 \ a e A k , b G A e , k + 1 = i\ 

for any % G G. 

Moreover let G be a G-graded algebra, X be a G-graded A op ®^ 5-module and Y be a 
G-graded B op ® K G-module. We define a G-grading on the A op ® K G-module X ® B Y by 

(X® B Y)i := {J2 X ® V \ xeX k, V&Ye, k + £ = i\ 

for any i G G. 

2.4. Positively graded algebras and Z/aZ-graded algebras. In this subsection, we 
recall basic facts about positively graded algebras. Let A be a positively graded algebra 
and a a positive integer. 

First we regard A as a Z/aZ-graded algebra by 

^T : = ® Ar 

for any i G Z. Throughout this paper, we often regard a Z-graded algebra as a Z/ aZ-graded 
algebra in this way. 

Also we regard X G mod z A as a Z/aZ-graded A- module by 

In this way we have an additive functor 

F n : mod z A — > mo 



In the case that a — 1, then mod /a A coincides with mod A, and F a is just the forgetful 
functor from mod z A to mod A. 

Since A is positively graded and by the above definition, A with both gradings satisfy 
the assumption of Proposition 12.161 



Proposition 2.18. For a positively graded algebra A, the equation J a = Ja ® ( ©i^o 
© ^©i^o^l) holds. In particular the assertions in Proposition \2.16\ hold. 

We have the following description of morphism spaces in mod Z//aZ A (cf. Lemma I2.15p . 
Proposition 2.19. Let X and Y be Z-graded A-modules. Then 

Rom A (F a (X), F a (Y))o = Hom A (X, Y(ia)) Q . 
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2.5. Stable categories of self-injective algebras. In this subsection, we give basic 
properties of stable categories of self-injective algebras. 

Let G be an abelian group and A a G-graded algebra. We denote by mod G A the stable 
category of mod G A. The following observation is clear. 

Lemma 2.20. For any i G G, the autofunctor (i) : mod G A — > mod G A induces an 
autofunctor (i) : mod A — > mod G A. 

For the stable category, the following analogue of Proposition 12.151 holds. 

Proposition 2.21. Let X and Y be G-graded A-modules. Then 

Eom A (X,Y) = 0Hom j4 (X,F(z)) o . 

ieG 

In the following, we consider the stable categories of self-injective algebras. First we 
recall the definition of self-injective algebras. 

Definition 2.22. An algebra A is called self-injective if the following equivalent conditions 
are satisfied. 

(1) A is an injective A-module. 

(2) A is an injective A p -module. 

Furthermore an algebra A is called symmetric if A is isomorphic to DA as a A op ®k A- 
module. 

For a G-graded algebra A, the stable category mod! 3 A has the graded syzygy functor 

tt : mod G A — ► mod G A 

For X G mod G A, the object Q(X) G mod G A is defined as the kernel of a fixed projective 
cover of X in mod G A If A is self-injective, this functor is an equivalence, and a quasi- 
inverse of it is given by the cosyzygy functor il" 1 : mod G A — > mod G A which is defined as 
dual of the syzygy functor (cf. |ARS| IV 3]). 

We have the following result by Proposition 12.181 an d Happel's general result |Halj . 

Lemma 2.23. |Hall Theorem 2.6] If A is a G-graded self-injective algebra, the following 
assertions hold. 

(1) mod G A is a Frobenius category. 

(2) mod G A has a structure of a triangulated category whose shift functor [1] is given 
by the graded cosyzygy functor Vt~ l . 

We fix a positively graded self-injective algebra A and a positive integer a. Then we 
have triangulated categories mod Z v4 and mod z ^ aZ A The additive functor F a : mod Z v4 — > 
mod z ^ aZ 74 induces an additive functor 

F n : mod 1 A — > mo 



Since F a is an exact functor and the diagram 



mod z A — — - mod z A 



mod z/aZ A mod z/aZ A 



-l 



commutes, we have the following immediately. 
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Lemma 2.24. F a is a triangle-functor. 

We have the following analogue of Proposition 12.191 
Proposition 2.25. Let X and Y be Z-graded A-modules. Then 

Hpm A (^(X),^(F))o = 0Hom A (X,F(za)) o . 

We have the following observation. 
Proposition 2.26. We have thick(Im J;) = mod z/aZ A. 

Proof. Any object in mod z ^ aZ A has a finite filtration by simple objects in mod Z//aZ A By 
Proposition 12.181 I m Fa contains all simple objects in mod z ^ aZ A. Since short exact se- 
quences in mod z ^ aZ A give rise to triangles in mod Z//aZ A, ImF a generates mod z ^ aZ A as a 
triangulated category. □ 

We end this section by the following result which follows from the Auslander-Reiten 
duality. 

Proposition 2.27. |AR1 Propositon 1.2] The stable category mod z A has a Serre functor. 

3. Realizing sable categories as derived categories 

The aim of this section is to show Theorem 11.31 First we give a proof of Theorem 11.31 
(1) (2) (3). In the proof of (1) =>- (2), we construct a tilting object T. Next we 
study properties of the endomorphism algebra of the tilting object T. Finally we prove 
Theorem 11.31 (1) (4) as an application. In the proof of (1) =>■ (4), we construct a 
triangle-equivalence in (4) in two different ways. 

3.1. Existence of tilting objects in stable categories. In this subsection, we give a 
proof of Theorem 11.31 (1) (2) (3). Throughout this section, let A be a positively 
graded self-injective algebra. 

Theorem 3.1. Let A be a positively graded self-injective algebra. The following conditions 
are equivalent. 

(1) Aq has finite global dimension. 

(2) mod z A has tilting objects. 

(3) There exists a triangle- equivalence m.od z A ~ K b (projA) for some algebra A. 

In the following, we give a proof of this result. We have Theorem 13.11 (2) (3) by 
Theorem 12.111 We prove Theorem 13.11 (2) =>■ (1). Our strategy of proof is similar to [All 
Example 2.5 (2)]. We need the following easy lemma which gives a property of triangulated 
categories having tilting objects. 

Lemma 3.2. |AI1 Proposition 2.4] Let T be a triangulated category. If T has a tilting 
object, then Honi7-(X, Y[i}) = holds for any X,Y G T and \i\ » 0. 

Proof of Theorem \3.1\ (2) => (1). We assume that gl.dim = oo and mod z A has a tilting 
object T. First we note that for any v4 -module X, the degree part of a projective 
resolution of X in mod z A gives a projective resolution of X in mod A by Proposition 
EH! So we have Ext^Ao/ J Ao , A /J Ao ) = Ext Ao {A / J Ao , A /J Ao ) for any i > 0. 

Next since gl.dimA = oo, the Ao-module Ao/ Jo has infinite projective dimension. Thus 
we have Ext Ao (A /J Ao , A / J Ao ) ^ for any i > 0. 
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Consequently we have 

Uom A (A /J Ao ,A /J Ao [i]) = Ext A (A /J Ao ,A /J Ao ) = Ext Ao (A / J A(V A /J Ao ) ^ 



for any i > 0. This contradicts to Lemma [3.21 □ 

In the rest of this subsection, we prove Theorem 13.11 (1) =r- (2) by constructing a tilting 
object in mod z A We need truncation functors 

(-)>« : mod z A mod z A, (-)<« : mod z A -> mod z A 

which are defined as follows. For a Z-graded Amodule X, X>i is a Z-graded sub Amodule 
of X defined by 

'0 (j < i) 



>i)j ■-- 



Xj <J>i), 



and X<i is a Z-graded factor Amodule X/X> i+1 of X. 
Now we define a Z-graded A-module by 

(3.1) T:=0A(z)< o . 

j>0 

Since A(i)<o = A(i) is zero in mod z A for sufficiently large i, we can regard T as an object 
in mod z A Let 

(3.2) T := EncUCOo- 



Now we have the following result, where the second assertion implies Theorem 13.11 (T 
(2). 

Theorem 3.3. Under the above setting, the following assertions hold. 

(1) T is a tilting object in the subcategory thick T of mod z A 

(2) If Aq has finite global dimension, then T is a tilting object in mod z A. 



We prove the above result by checking two conditions in Definition 12.91 First we show 
that the self-extensions of T vanish without assuming that Aq has finite global dimension. 

Lemma 3.4. We have Horn A (T, T[i])o = for any i ^ 0. 

Proof. We take a projective resolution 

>P 2 -+P 1 -> A(i) -> A(i)< -> 

of A(i)<o in mod z A. Since A is positively graded, we have (P J )<o = for j > 0. Thus 
(fi- 7 T)<o = holds for any j > 0. Since T = T< , we have Hohia(T, f2 J 'T)o = = 
Hom^f^'T, T) for any j > 0. Consequently we have 

Hom A (T,T[*]) = Hom A (ffT,T) = 0, 

Hom A (T,TH]) = Hom A (T,ffT) = 
for i > 0. □ 

Theorem 13.31 (1) follows from Lemma [3.41 
Next we prove the following result. 

Lemma 3.5. If Aq has finite global dimension, then we have mod Z y4. = thickT. 
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Proof. We regard A Q as the natural Z-graded factor A-module of A, i.e. A (0) = A(0)< . 
Any object in mod z A has a finite filtration by simple objects in mod 2 A which are given by 
simple A -modules concentrated in some degree by Proposition 12.181 Since A has finite 
global dimension, it is enough to show that A (i) £ thick T for any % £ Z. We divide the 
proof into two parts. 

(i) We show A (i) £ thick T for any i > by induction on %. Obviously we have 
A (0) = A(0)< £ thick T. We assume A (0),--- ,A (i — 1) £ thick T. There exists an 
exact sequence 

(A(t)< )>i- t -» A(t)< Aq(i) -»• 0, 

in mod z A By the inductive hypothesis, we have (A(i)<o)>i^i £ thick T. Thus we have 
A (i) £ thick T. 

(ii) We show that A (— i) £ thickT for any i > 1. We assume A (— j) £ thickT for any 
j < i. We put n := pd A o P D(A ) + 1. Then there exists an exact sequence 

o -> x -> Q"- 1 -> — ► q 1 -> g° -> .0(^0) -»■ 

in mod z A op such that is a Z-graded projective A op -module for < j < n — 1, and 
X< = 0. Thus we have an exact sequence 

-> A -> ^(Q ) -> ^(g 1 ) ->■ >■ L>(<5 n_1 ) ->■ ->■ 

in mod z ^4 such that D{Qi) is a Z-graded projective A-modules for < j < n — 1, and 
(£>(X))> = 0. We have A (-i) = D{X){-i)[-n] in mod z A. Since (D(X)(-i))>< = 0, we 
have D(X)(— i) £ thickT by the inductive hypothesis. Thus we have Aq(—i) £ thickT. □ 

Now we finished the proof of Theorem 13.31 □ 

3.2. Calculation of the endomorphism algebra of the tilting object. We keep the 
notations in the previous subsection. The aim of this subsection is to calculate V given in 
(13. 2p . Although T is defined as a Horn-space in mod z A we can calculate T as a Horn-space 
in mod z A by removing projective direct summands from T. 

Proposition 3.6. Take a decomposition T = T © P in Mod z A where T is a direct sum 
of all indecomposable non-pro jective direct summands ofT. Then the following assertions 
hold. 

(1) T is finitely generated. 

(2) T is isomorphic to T in mod z A 

(3) Hom^(Q, T)o — holds for any projective object Q in mod 2 ^4 satisfying SocQ C Qi 
for some I < 0. 

(4) There exists an algebra isomorphism T ~ EndA(T)o. 

Proof. (1), (2) The assertions are obvious. 

(3) Let Q 1 and Q 2 be indecomposable projective objects in mod 2 A. Since Q 1 and Q 2 
have simple socle as A-modules, there exist integers i\ and £2 such that SocQ 1 C Q\ 
and SocQ 2 C Q\. Then if i x < £ 2 , we have Rom A (Q\Q 2 ) = since Q\ 2 = and 

Socg 2 c q 2 2 . 

Now we show the assertion. Let Q be a projective object in mod z A satisfying Soc Q C 
Qi for some £ < 0. We take a projective cover Q' — > T of T in mod 2 A. From our 
construction of T and T, we have SocQ' C Q>i- Thus by the above observation, we have 
Hom J 4(Q, Q')o = 0. Hence Hom y 4(Q,T) = holds. 
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(4) Since there exist algebra isomorphisms 

^< T >» * ( iS(fp) 1map? ) = ( — A o Z) ° o ) - 

it is enough to show that End 4 (T) n = End y i(T) . 

Let Q be an indecomposable projective object in mod z A. Then there exists £ G Z 
such that SocQ C Q^- First if £ < 0, then by (3), we have Hom^C^XDo = 0. Next if 
£ > 0, then we have Hom^T, Q)o = since T_ e = 0. Consequently there exists no non-zero 
morphisms from T to T factoring through projective objects in mod z A Thus we have 
End A (T) = End^TV □ 

3.3. Global dimension of the endomorphism algebra of the tilting object. We 

keep the notations in the previous subsections. The aim of this subsection is to show the 
following result. 

Theorem 3.7. If A has finite global dimension, then so does T. 

In the following, we prove Theorem 13.71 We need the following observations. 

Lemma 3.8. |ARS| III Proposition 2.7] Let A and V be algebras and M a A° p ®k^ '-module. 
Then the algebra 

' A M 

r 

has finite global dimension if and only if so do A and V . 

Lemma 3.9. For a positive integer £, let U := ©^Zo A(i)< . Then the following assertions 
hold. 

(1) There exists an algebra isomorphism 



End A (U\ 



/ A A l ■■■ A e _ 2 A t _ x \ 

A ■ ■ ■ Ai_ 3 At_2 

A A 1 

V A J 



(2) The algebra Aq has finite global dimension if and only if so does End^LQo- 

Proof. (1) Since Hom^(yl(i)< , A(j)< ) = Aj_ i: we have the assertion. 

(2) The assertion follows from (1) and Lemma [3.81 □ 

Now we can prove Theorem 13.71 

Proof of Theorem \3. 7[ We take a positive integer £ such that A = A<£. Then A(i)< is a 
projective object in mod z ^4 for any i > £. Let U := ©f=o^4(0<o- Then End^^Oo has 
finite global dimension by Lemma [3.91 (2). We can decompose U = T © P' where T is the 
direct summand of T given in Proposition 13.61 and P' is a projective direct summand of U. 
By Proposition 13.61 (3) and (4), we have 

/ End A (P')o Honu(T,P')o \ / End A (P')o Rom A (T, P') \ 
hjndAltyj °- V Hom A (P',T) End A (T) J ~ { T )' 

The assertion follows from Lemma 13.81 □ 
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3.4. Existence of a triangle-equivalnce. We keep the notations in the previous subsec- 
tions. In this subsection, we prove Theorem 11.31 (1) -v^> (4) by applying results in previous 
subsections. 

Theorem 3.10. Let A be a positively graded self-injective algebra. The following conditions 
are equivalent. 

(1) Aq has finite global dimension. 

(2) There exists a triangle- equivalence mod 7 ' A ~ D b (modA) for some algebra A. 
The implication Theorem 13. 101 (1) =>- (2) follows from the following observation. 

Theorem 3.11. The following assertions hold. 

(1) There exists a triangle- equivalence 

thickT — > K b (projr). 

(2) If Aq has finite global dimension, then there exists a triangle- equivalence 

mo of A — ► D b (modr). 

Proof. (1) The assertion is immediate from Theorems 12.111 and 13.31 (1). 

(2) We assume that A has finite global dimension. First by Theorem 12.111 and Theorem 
13.31 (2), there exists the triangle-equivalence mod 1 A — >■ K b (projr). Moreover T has finite 
global dimension by Theorem 13. 71 By Theorems l2.3l the canonical embedding K b (projr) — » 
D b (modr) is an equivalence. Composing these equivalences, we have the desired triangle- 
equivalence. □ 

The implication Theorem 13. 101 (1) =>• (2) follows from Theorems 13. Ill (2). Now we prove 
Theorem EUDl (2) => (1). 

Proof of Theorem VJ.llA (2) =>• (1). Assume that there exists a triangle-equivalence mod Z v4 ~ 
D b (modA) for some algebra A. By Theorem 12.271 D b (modA) has a Serre functor. By The- 
orem [2]3l we have a triangle-equivalence K b (projA) ~ D b (modA). Consequently we have 
a triangle-equivalence mod 1 A ~ K b (projA). By Theorem 13. 1\ A has finite global dimen- 
sion. □ 

Since finiteness of global dimension is preserved under derived equivalences, we have the 
following result from Theorem 13.101 

Corollary 3.12. If A has finite global dimension, then so does the endomorphism algebra 
of arbitrary tilting object in mod z A 

This result implies the last assertion of Theorem II .31 Thus we finish the proof of Theorem 

o □ 

3.5. Direct construction of a triangle-equivalence. When A Q has finite global di- 
mension, we gave a triangle-equivalence mod ' 1 A ~ D b (modr) in Theorem 13.111 However 
the construction heavily depends on Theorem 12.111 which is shown by using a lot of tech- 
niques in differential graded algebras. In this subsection, we give a direct construction 
of the equivalence without using Theorem 12.111 We keep the notations in the previous 
subsections. 

We consider the decomposition T = T®P given in Proposition ^. 61 Since V ~ End^(T) , 
T acts on T from the left naturally. By this action, we can regard T as a Z-graded T° v ®kA- 
module (see Definition 12 . 1 71 for grading on r op ®k A). Thus we have the left derived tensor 
functor 

- ®v T : D b (mod V) — > D b (mod z A). 
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Now we consider the quotient category (cf. [Har[ INej ) D b (mod z v4)/K b (proj z A) and the 
canonical functor 

(3.3) D b (mod z A) — ► D b (mod z A) /K b (proj z A) . 

The following triangle-equivalence is a realization of mod z A as the quotient category 
D b (mod z A)/K b (proj z A). 

Theorem 3.13. |Ric2[ Theorem 2.1] Let A be a Z-graded self-injective algebra. The canon- 
ical embedding mod z A — > D b (mod Z y4) induces a triangle- equivalence 

mod z A — > D b (mod z A)/K b (proj z A). 

Now we consider the composition 

(3.4) H : D b (mod z A) — > D b (mod z A) /K b (proj z A) — )• mod z A 

of the canonical functor and a quasi-inverse of the triangle-equivalence given in Theorem 
13.131 Moreover we consider the composition 

L 

G : D b (modr) ~® r ~> D b (mod z A) mod z A 

Theorem 3.14. Under the above notations, the following assertions hold. 

(1) G induces a triangle-equivalence K b (projT) — > thick T. 

(2) If Aq has finite global dimension, then G is a triangle- equivalence. 

Proof. (1) Clearly G(T) is isomorphic to T, which is isomorphic to T. Moreover G induces 
an isomorphism 

Hom Db(modr) (r, T\i\) ~ Hom,(G(r), G(r)[i]) 

for any i G Z. Indeed we have Hom D b( modr )(r, T[i]) = = B.om A (G(T), G(T)[i]) n for any 
i ^ 0, and End D b (modr) (r) ~ T ~ End A (T) ~ End A (G(r)) by Proposition ES] (4) . 

By this and Lemma \2. 131 (1). G is fully faithful on K b (projr). Thus G induces a triangle- 
equivalence K b (projr) — > thickT. 

(2) If Aq has finite global dimension, then thickT = mod 1 A by Theorem 13.31 (2). Also 
the canonical embedding K b (projT) — > D b (modr) is an equivalence by Lemma 12.31 and 
Theorem 13.71 Thus by (1), G is an equivalence. □ 

3.6. Examples. In this subsection, we give some examples and applications of results in 
previous subsections. 

First application is famous Happel's equivalence (II. ip |Ha2j . which gives a relationship 
between representation theory of algebras and that of the trivial extensions. We show it 
as a consequence of our results. 

Example 3.15. |Ha2t Theorem 2.3] Let A be an algebra. The trivial extension A of A is 
defined as follows. 

• A = A © DA as an abelian group. 

• The multiplication in A is given by 

(xj) ■ (y,g) := (xy,xg + fy). 

for any x, y G A and f,g£ DA. Here xg and fy are defined by the natural 
A op ®k A-module structure on DA. 
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Then A is an algebra, and moreover it is easy to check that A is symmetric (see Definition 
I2.22p . Furthermore A has a structure of a positively graded algebra defined by 

(A (i = 0), 
Ai := I DA (i = 1), 
[o (i>2). 

Under this setting, A has finite global dimension if and only if there exists a triangle- 
equivalence 

mgd z A ~ D b (modA). 

Proof. First we assume that A has finite global dimension. Let T be the tilting object 
constructed in (I3.ip . and T the direct summand of T given in Proposition 13.61 Then we 
have T = A, and so End A (T) = EndA(A) — A by Proposition 13.61 Thus by Theorem 
13. llj we have the desired triangle-equivalence. 

The converse follows from Theorem 13.101 □ 

In the second application, we study positively graded self-injective algebras which have 
Gorenstein parameters. As a consequence of Theorem 13.111 we have Chen's |Ch] result. 

Example 3.16. |Cli|. Corollary 1.2] Let A be a positively graded self-injective algebra of 
Gorenstein parameter i (see Definition 11.51) . Let 



/ A Q 


A 1 ■ 


■ A e _ 2 


Ae-i 






A ■ 


■ A £ _ 3 


A e -2 








A 


A 1 




\ o 






A, 


I 



Then A has finite global dimension if and only if there exists a triangle-equivalence 

mgd z A ~ D b (modr). 

Proof. Let T be the object defined in ( 13. ip . and T the direct summand of T defined in 
Proposition 13.61 Clearly we have T = ©j=o^(^)<o an ^ End 4 (T) n — End^(T) — T by 
Propositions 13.61 and 13.91 Then the assertion follows immediately from Theorem 13.111 □ 

Remark 3.17. The trivial extensions are positively graded symmetric algebras of Goren- 
stein parameter 1. Thus Example 13.151 is a special case of Example 13.161 

Next we give two more concrete examples. 

Example 3.18. Let n be a positive integer. Let A = K[x]/(x n+1 ) be a positively graded 
algebra with degx := 1. Then A is symmetric and has Gorenstein parameter n. 

Since global dimension of Aq = K is zero, the category mod z A has a tilting object T 
given in (13. ip by Theorem 13.31 (2). By Theorem 13.111 there exists a triangle-equivalence 

(3.5) mo(fA ~ D b (modD 

where T = End 4 (TV By Example 13.161 the algebra T is isomorphic to the n x n upper 
triangular matrix algebra over K. 

Let us consider the special case n = 2 and A = K[x]/(x 3 ). For i = 1,2, let X 1 be the 
Z-graded ideal (x l )/(x 3 ) of A. Then we have a chain A D X 1 D X 2 of Z-graded ideals 
of A. It is known that {X i (j) \ % = 1, 2, j G Z} is a complete set of indecomposable 
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non-projective Z-graded A-modules, and the Auslander-Reiten quiver of mod 1, A is given 
as follows (cf. [M2 Chapter V]). 

X 1 ( 1 V- x 1 - X\iy .Y ; (2)~ X'(3) 



(3.6) 




X 2 (2)- 



-X 2 (3) 



Here dotted arrows show the Auslander-Reiten translation in mod A. 

Next we write the Auslander-Reiten quiver of D b (modr). In this case, V = End 4 (T)n 
is isomorphic to the 2x2 upper triangular matrix algebra over K. Define T-modules by 
P 1 := (K K), P 2 := (0 K) and I 1 := (K 0). The set {P 1 ^ 2 ,/ 1 } is a complete set 
of indecomposable T- modules, and the Auslander-Reiten quiver of D b (modr) is given as 
follows (cf. [HaTl Chapter 1.5]). 




(3.7) P[— 2]-<- I' v 1 •• •/>-'-• /u P'[l] 

Here dotted arrows show the Auslander-Reiten translation in D b (modr). 

The above Auslander-Reiten quivers of mod 7 A and D b (modr) have the same shape. 
This is a consequence of our triangle-equivalence Theorem 13.111 

Example 3.19. Let n be a positive integer and A = K[x\, ■ ■ ■ ,x n ]/(x 2 | 1 < i < n). We 
define a grading on A by degXi := 1 for any 1 < i < n. Then A is a positively graded 
symmetric algebra of Gorenstein parameter n. 

Since global dimension of A = K is zero, Theorem 13.11 shows that mod 7 ' A has a tilting 
object T given in (13. ip . By Theorem 13.111 we have a triangle-equivalence 

mod z A ~ D b (modr). 

where T = End 4 (T)n- By Example 13.161 the algebra V is given by the following quiver 
with relations. 



1 



n 



n 



1 < i < n - 2, 1 < j < n) 
1 < i < n-2, 1 < j,k < n) 



4. Application to higher preprojective algebras 

In this section, we apply our results to a certain class of graded self-injective algebras 
called higher preprojective algebras. In particular we give another proof of [IQ2[ Theorem 
4.7] in our context. 

Throughout this section, we fix a positive integer n. 

4.1. Main result. First we give basic definitions of higher preprojective algebras and 
higher represetation-finite algebras. After that we give our main result in this section. 

Definition 4.1. Let A be an algebra with global dimension at most n. Then the tensor 
algebra 

n = n n+1 (A) :=T A (Ext£(£>A,A)) 
of the A op ®k A-module Ext^(DA, A) is called the (n + 1) -preprojective algebra of A. 
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This is naturally regarded as a graded algebra, i.e. the degree i part IT; is the 2-th tensor 
product Ext A (.DA, A) ® A • • • ® A Ext£(DA, A). 

Remark 4.2. The (n + l)-preprojective algebras are the 0-th homology of derived (n+ 1)- 
preprojective algebras which are introduced in |K VdB] . 

The homological behavior of the (n + l)-preprojective algebra II becomes very nice if we 
assume that A is an n-representation finite algebra defined as follows. 

Definition 4.3. |Iya2[ 1101] An algebra A is called n-representation finite if it satisfies the 
following conditions. 

(1) gl.dimA < n. 

(2) There exists a A-module M satisfying 

add M = {X G modA | Ext A (M, X) = for any 1 < i < n - 1} 
= {X G modA | Ext A (AT, M) = for any 1 < i < n - 1}. 
We call such M an n- cluster tilting A-module. 

Example 4.4. We explain our conditions for the case n — 1. The condition (1) above 
means that A is hereditary. The condition (2) above means that there exists a A-module 
M such that addM = modA. Consequently 1-representation finite algebras are nothing 
but representation finite hereditary algebras. By Gabriel's theorem (see \ASS\ Chapter 
VII, Theorem 1.7, Theorem 5.10]), they are Morita equivalent to path algebras of Dynkin 
quivers. 

The following gives a basic property of IT. 

Proposition 4.5. \102\ Corollary 3.4] Let A be an n-representation finite algebra. Then 
II is a graded self-injective algebra. 

Now we apply Theorem 13. Ill to II for an n-representation finite algebra A. Since Ilo = A 
has finite global dimension, the stable category mod uli has a tilting object T given in (13. ip . 
Thus we have a triangle-equivalence 

mod z n ~ D b (modEnd n (T) ). 

The following main result in this section gives a simple description of End n (TW 

Theorem 4.6. Let A be an n-representation finite algebra, T the tilting object in moduli 
given (13. ip . Then there exists an algebra isomorphism 

End n (T) ~End A (n). 

Applying Theorem 13.111 we immediately obtain the following result given in [102} The- 
orem 4.7]. 

Corollary 4.7. [T02l Theorem 4.7] Let A be an n-representation finite algebra. Then there 
exists a triangle- equivalence 

mod z n ~ D b (modEnd A (n)). 

In the rest of this section, we prove Theorem 14.61 First we recall basic results in higher 
Auslander-Reiten theory. A key role is played by the following functors. 

Definition 4.8. |Iyal| Let A be an algebra with global dimension at most n. Then the 
functors 

r n := DExt A (-,A) : modA — > modA 
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and 

r~ := Ext^(DA, -) : modA — ► modA 
are called the n-Auslander-Reiten translations. 

The restrictions of n-Auslander-Reiten translations to n-cluster tilting modules give a 
higher analogue of Auslander-Reiten translations. 



Proposition 4.9. |Iyal Theorem 2.3] |Iya2 Proposition 1.3, Theorem 1.6] Let A be 



an 

n-representation finite algebra, and M an n-cluster tilting A-module. We denote by Mp ( re- 
spectively, Mj) a maximal projective (respectively, injective) direct summand of M. Then 
the following assertions hold. 

(1) r n induces an equivalence add(M/Mp) — > add(M/M/), and r~ induces its inverse. 

(2) For any indecomposable projective A-module P, there exists i G N such that t~ 1 {P) 
is an indecomposable injective A-module. 

(3) We have addM = add 0^7--* (A). 

The (n + l)-preprojective algebra II of an n-representation finite algebra A can be de- 
scribed in terms of n-Auslander-Reiten translation. 

Lemma 4.10. [102^ Lemma 2.13] Let A be an n-representation finite algebra. For any 
ieN, there is an isomorphism 

t-(A)^IL 



of A-modules. In particular, II is an n-cluster tilting A-module ( Proposition 

Now we are ready to prove Theorem 14.61 

Proof of Theorem \4-6] First we describe T in Proposition 13.61 explicitly. Let PI(A) be a 
complete set of orthogonal primitive idempotents of A. By Proposition 14.91 and Lemma 
I4.10[ we can decompose PI (A) = Ilf =0 PIj(A) where 

PL(A) := {e G PI(A) | C(eA) ^ 0, r^ +l \eA) = 0}. 

Let 

e<:= Yl e - 

eePIi(A) 

Then by the definition of PL (A) , we have 

(4-1) T-\A) = r-\{e l + --- + e,)A). 

We remark that PI (A) can be regarded as a complete set of orthogonal primitive idempo- 
tents of n. 

We define T* by putting 

T i :=((e i + e m + --- + e,)n(^-l))<o. 

Then T defined in Proposition 13.61 can be described as 

i 

T = 0r, 

i=i 

and we have End n (T) — Endn(T) . 

Next we show that Endn(T)o — End A (II). By Lemma [4. 101 we have 

en = eA © r~(eA) © r~ 2 (eA) © • • • © r n _i (eA) 



(4.2) 
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as a A-module for any e G PI,, (A). Since one can see that 

<k *~ 1) {{e i + ■■■ + e t )A) (-i + 1 < fc < 0) 

(otherwise) 

for 1 < i < £, there exist isomorphisms 

Hom n (r,T J )o Homn ((r)- i+ i, (T^)^ +1 ) 

Hom A ((e i + ■ ■ • + e t )A, r'^^ej + ■■■ + e t )A)) 
Hom A (r„" i ((e i + • • ■ + e/)A), r~ J '(( ei + • • ■ + e*)A)) 
Hom A (rr(A),r r 7 J (A)) 



PropOl 
(ED 



for i < j, and we have Hom n (T\ T J ) ~ Hom no ((T*)_j +1 , (T J )_ i+ i) = for i > j. 
Thus we have algebra isomorphisms 



End n (T) 



/ Hom n (r 1 ,r 1 ) 

Eom n (T\T 2 )o Homn(T 2 ,T 2 )o 







\ Homnd 1 ,^ Hom n (T 2 ,T% ■■ 
/ Hom A (r- 1 (A),r- 1 (A)) 

Hom A (r- 1 (A), r" 2 (A)) Hom A (r- 2 (A), r~ 2 (A)) 



Hom n (T £ ,TOo y 



\ 



V Hom A (r„" 1 (A),r^(A)) Hom A (r„" 2 (A), r^(A)) ••• Hom A (r^(A), r^(A)) J 



End A ®r^(A) =End A (n). 



i>l 



□ 



4.2. Classical cases. In this subsection, we consider the case n = 1. Then A is the path 
algebra of a Dynkin quiver Q (see Example I4.4p . and II is the classical preprojective algebra 
associated to the quiver Q (see [BGI4 [Pan] ) . Then II is a positively graded self-injective 
algebra by Proposition 14.51 an d II is 1-cluster tilting as a A-module (i.e. add II = mod A) 
by Proposition 14.91 and Lemma 14.101 By Theorem 14.61 there exists a triangle-equivalence 

mod z n ~ D b (modEnd A (n)). 

Now we recall a description of II in terms of quivers with relations. 
• Define the double quiver Q of Q by 

Qo '■= Qo, 

Qt ■= Qi U {3 1 ^ i I i ^ J e Qi} ■ 

Then we have an involution ( )* : Q 1 — > Q l defined by 

[a* (a e Qi), 
a := < 

1/3 (a = (3* for some (3 e Qi). 
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Define relations pi for each i £ Q by 

Pi := e««a*, 

1 (a£Qi), 
-1 (a*eQi). 

Define the grading on the quiver Q by 



dega := 



(a e Qi), 

1 (a*£Qi). 



Since the relations pi are homogeneous of degree 1 with respect to the above grading 
on Q, the above grading on Q gives rise to the grading on KQ / (pi | i £ Q ). Then there 
exists an isomorphism of graded algebras 

H~KQ/( Pi | ieQ ). 

Let us give a concrete example. Let Q be the quiver 

1 >- 2 >■ n — 1 >- n 

of type v4„, and A the path algebra of Q. Then II and End A (II) are described by quivers 
with relations as follows. 

First the quiver with relations of II is given by 



ai «2 «n-2 a«-i 

1 ~ _ 2 ~ - e _ n — 1 g - n 

a J «2 a »-2 <-l 



aiQ* = = a^.iOn-i, 

c^a* = (2 < i < n — 1] 



The grading on II is given by dega^ := and dega* := 1. 

Next we draw the quiver with relations of End A (Tl). The Auslander-Reiten quiver of 
mod A = add II is given by 



o 

o • 

J X / X 

o • • 

/ X / X * X 

O • • • 

/X/X/X/X 
o • • • < 



o • • • • • 

/ \ / \ / X / X / X 

o • • • • • 

/ X / X / X / X * X / X 

o • • • • • • • 

/ X / X / X / X / X * X J X 

O • • • •••• 

/\xx/\/\ / \ / x y x / \ 

o • • • • ••••• 

where the number of vertices o is n. These vertices o correspond to indecomposable pro- 
jective A- modules. Thus End A (II) is given by the full subquiver consisting of vertices • 
with mesh relations. 
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5. Derived- orbit categories 

In this section, we collect basic facts on DG categories, together with an application to 
orbit categories of derived categories. In particular, we give the definition of derived-orbit 
categories and their universal property. 

In |Kel] . B. Keller introduced the derived category of differential graded category (DG 
category), and developed fundamental theory. It gives a powerful tool for study of algebraic 
triangulated categories which are often realized as derived categories of DG categories. 

One of their application is to construct derive-orbit categories |Ke2j . They are triangu- 
lated categories associated with orbit categories of derived categories, which do not have a 
structure of triangulated categories in general. In their construction, we need to introduce 
DG orbit categories. 

5.1. DG categories. In this subsection, we recall basic definitions and typical examples 
of DG categories. We refer to |Kelj for the details. 

Definition 5.1. An additive category srf is called a differential graded (DG) category if 
the following conditions are satisfied. 

(1) For any X, Y G the morphism set Horn^X, Y) is a Z-graded abelian group 

Honw(X,y) = 0Hom^(X,F). 

such that gf G Hom^ 5 (X, Z) for any / G Hom^/(X, Y) and g G Honr^(Y, Z) where 
X,Y,Z G stf and ije Z. 

(2) The morphism set are endowed with a differential d such that the equation 

d(gf) = (dg)f + (-iy 9 (df) 

holds for any / G Hom £ /(X, Y) and g G Honr^(Y, Z) where X, Y, Z G srf and j G Z. 

For a DG category we denote by H°(^) an additive category whose objects are the 
same as and the morphism set from X to Y is H°(Hom £ /(X, Y)). 

Let s# and SS be DG categories. An additive functor F : srf — > SS is called a DG functor 
if it preserves the grading and commutes with differentials. Clearly a DG functor srf — > SS 
induces an additive functor H°(«a^) — > 

The following are typical examples of DG categories. Those shows that usual categories 
of complexes are dealt with in the context of DG categories. 

Example 5.2. (1) Let A be an additive category. We can regard A as a DG category such 
that morphism sets are concentrated in degree 0, namely Hom^(X, Y) = Hom^X, Y) for 
any X, Y G A. 

(2) Let A be an additive category. We define the DG category Cd g (v4) as follows. 

• The objects are chain complexes over A. 

• For X, Y G Cd g (v4), the morphism sets from X to Y is defined by 

Rom n Cdg(A) (X,Y) := Y[Kom A (X\ Y i+n ), 

Hom CdgM) (X,F) := 0Hom^ dgM) (X,F). 

• The differential is given by 

dWOiez) = (d Y f - {-l) n f i+1 d x ) i& 
for (/ilaGHom^fl.r). 
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Then one can check that the category H°(Cd g (*4.)) coincides with the homotopy category 
K(*4) of complexes over A. 

Later we deal with the full DG subcategory (A) of Cd g (*4) which consists of bounded 
complexes over A. Clearly we have K b ( v 4) = H° (C\ g (A)) . 

Next we recall the derived categories of DG modules over DG categories. Let be a DG 
category A DG g/ -module is a DG functor g/ op — > C dg (ModZ). Then DG ^-modules 
form a DG category which we denote by Cd g (^/). We denote by K(g/) : = H°(Cd g (^)) 
the homotopy category of DG ^-modules. By formally inverting quasi-isomorphisms in 
K(&/), we obtain the derived category D(&/) of DG ^-modules. 

For a DG category the homotopy category K(^/) has a structure of a triangulated 
category. Moreover the derived category D(£?) also has a structure of a triangulated 
category such that the canonical functor K(£/) — > D(g/) is a triangle-functor. 

The above derived categories contains the derived categories of algebras. 

Example 5.3. Let A be an algebra. We denote by Mod A the category of all A-modules. 
As we observed in Example 15.21 (1), we regard A as a DG category whose morphism 
space is concentrated in degree 0. So we can consider the DG category C dg (A) of DG 
A-modules introduced in the above. This coincides with the DG category Cd g (ModA) of 
complexes over Mod A discussed in Example 15.21 (2). Also we have K(A) = K(ModA) and 
D(A) = D(ModA). 

For a DG category the category B°(£/) does not have a structure of a triangulated 
category in general. However we can naturally construct a triangulated category which 
contains H°(^/) as a full subcategory. 

We call a DG functor srf — > Cd g (^) sending X to Hom^(- , X) the Yoneda embedding. 
This is fully faithful, and we regard as a DG full subcategory of Cd g (=c/), and H°(^/) 
as a full subcategory of H°(Cd g (^)) = K(g/). Furthermore we regard H°(,e/) as a full 
subcategory of D(g/) via the composition H°(=e/) — > K(£^) — > D(&/). 

Definition 5.4. Let &/ be a DG category. We call the full subcategory thickD(^)(H°(£/)) 
of D( t e/) the triangulated hull of H°(&/). 

This is a triangulated category which contains as a full subcategory and is gen- 

erated by H° (,£/). 

5.2. Derived-orbit categories. The aim of this subsection is to introduce derived-orbit 
categories following [Ke2] . First we recall DG orbit categories. 

Definition 5.5. Let be a DG category, and F : stf — > a DG functor. A DG category 
1 F + is defined as follows. 

• The objects are the same as £/. 

• For X, Y G the morphism set from X to Y is defined by 

oo 

Honw /F+ (X,y) := 0Hom^(F n X,y). 

n=0 

• The composition of morphisms are defined as follows. For / G Hom^(F 4 A, Y) C 
Hom f // F +(J, Y) and g G Hom £ /(F- ? F, Z) C B.om s // F +(Y, Z), we define 

g-f:=g- F*(f) G Honw(F^X, Z) C Honw /F+ (A, Z). 

• The differential of srf / F + is induced from that of stf . 
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Definition 5.6. Let srf be a DG category, and F : srf — y stf a DG functor. The DG orbit 
category sf jF is defined as follows. 

• The objects are the same as sd ' . 

• For X, Y G the morphism set from X to F is defined by 

( F F 

Honw/ F (X, F) := colim ( Hom -c // F +(X, F) — y Kom^ / F + (X , FY) — > 

• The composition of morphisms in s^/F is induced from that in 

• The differential of jF is induced from that of srf / F + . 

Example 5.7. As we observed in Example 15.21 (1). an additive category A can be regarded 
as a DG category. For an additive functor F : A — > A, we define the orbit category A/F 
as a special case of the above definition. 

The following proposition explains the reason why we consider DG orbit categories. It 
allows us to deal with orbit categories in the context of DG orbit categories. 

Proposition 5.8. Let srf be a DG category, F : srf — y srf a DG functor, and the induced 
functor H°(F) : H (=g/) — y H°(=^). Then the following assertions hold. 

(1) There exists an equivalence H°(<c//F) ~ H°(^)/H°(F). 

(2) The triangulated hull thick D( ^ /i r ) (H°(^/F)) o/H°(j^/F) is a triangulated category 
which contains H°(^/) /H°(F) as a full subcategory, and is generated by H°(^/) /H°(F) . 

Proof. (1) Clearly we have H°(^/F+) ~ H°(^)/H°(F)+. For any X,Y G st , there are 
isomorphisms 

Hom H o(^/ F) (X,F) 
~ H° (colim (Honw /F+ (X, F) A Hom^ /F+ (X, FF) A ) ) 

~ colim ^Hom H o(^/F+)(l, F) H (F) > Hom H o( rf/ / F+) (X, FF) H (F) > 

(H^(i^) H^(_F) \ 
Hom H o ( ^) /H o(F)+(A A ,F) > Hom H o (£ / )/H o(F)+ (X, FY) > j 

~ Hom H o ( ^) /H o ( F ) (X,Y). 

The second isomorphism follows from exactness of colimit (cf. \Mi\ Theorem III. 1.9]). 
(2) This is clear. □ 

Now we are ready to define derived-orbit categories. 

Definition 5.9. Let A be an algebra of finite global dimension, and M a bounded complex 
of A op (g>x A- modules. Let srf := C b g (proj A) be the DG category of bounded complexes over 
proj A (Example 15.21 (2)). Then we have H°(«e/) = K b (proj A) = D b (modA) by Proposition 
12.31 Since A op ®ifA has finite global dimension, there exists a quasi-isomorphism pM — y M 
with a bounded complex pM of projective A op ®k A-modules. Consider the DG functor. 

F := — ® A pM -.srf^ysrf. 

Then we have 

H°(F) = — ®a M : D b (modA) -> D b (modA). 
We call the triangulated hull 

D(A,M) :=thick DK/F) (H°(^/F)) 
of H {stf / F) the derived-orbit category of (A, M). 
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By Proposition PI we have H°(^//F) ~ H°(^)/H°(F) ~ D b (modA)/(- ® A M). Thus 
we have the following result. 

Proposition 5.10. The derived- orbit category D(A, M) is a triangulated category which 

L L 

contains D (modA)/(— ®a M) as a full subcategory. Moreover D (modA)/(— ®a M) is 
closed under shifts [±1] and generates D(r, M[l]) as a triangulated category. 

5.3. A universal property of derived-orbit categories. In this subsection, we recall a 
universal property of derived-orbit categories following [Ke2[ Section 9] and |IU2l Theorem 
A. 20]. 

Let A be a positively graded self-injective algebra, and T an algebra of finite global 
dimension. Let U e D b (mod z (T op ® K A)), N E D b (mod(T op ® K T)), and 

F := — <8)r N : D b (modr) — > D b (modr). 
We consider the derived tensor functor 

-krU: D b (modr) — > D b (mod z A) 

and the canonical functor 

H : D b (mod z A) — > mod 2 A 
given in (13. 4p . Composing them, we have a triangle- functor 

(5.1) G := Ho (- ® T U) : D b (modr) — ► mod z A. 

Now we can state a universal property of derived-orbit categories. 

Theorem 5.11. [I02|. Theorem A. 20] We fix an integer a. Assume that there exists a 
triangle 

(5.2) P — > U(a) — > N ®rU — > P[l] 

in D b (mod z (r op ®/< A)) such that P belongs to K b (proj z y4) as an object in D b (mod z A). 

Then there exist an additive functor D b (modr)/F — > ( mod A)/ (a) and a triangle- 
functor G : D(r, N) — > mod z ^ aZ A which makes the diagram 

D b (modr) -mod z ^ 



nat. 

D b (modr)/F 




D(r, N) mod z/aZ A 

G 

commutative. 

6. Realizing stable categories as derived-orbit categories 

In this section, we compare the stable categories of self-injective algebras and derived- 
orbit categories. We give a precise statement of Theorem 11.61 by giving V and M explicitly 
and prove it. We start with the following motivating observation. 

Let A be a positively graded self-injective algebra and i a fixed integer. By Propo- 
sition 12.251 the triangle-functor Fi : mod^A — > mod z ^ a A induces a fully faithful functor 
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( mod z A) I (£) — > mqd z ^ a A where ( mod z A) /{£) is the orbit category of mod Z v4 with respect 
to (£). Moreover thick mod z/« A ( (mod z A) I (£) ) = mod z/a A holds by Proposition OB 

In view of the equivalence mod 1, A ~ D b (modr) in Theorem 13. 1H it is reasonable to 
expect that mod z / iZ A is realized as a derived-orbit category D(T, M) for a certain M. In 
fact, we see in Theorem 16.21 that this is the case if A has Gorensten parameter £. 

6.1. Main result. In this subsection, we give a precise statement of Theorem 11.61 in The- 
orem 16.21 We fix the following notations. 

Let A be a positively graded self-injective algebra of Gorenstein parameter £ (see Defi- 
nition [L5]) such that A has finite global dimension. Let T be the tilting object in mod z A 
given in ( 13. ip . and T the direct summand of T given in Proposition 13.61 Then we have 
T = ©j=o^4(0<o- We naturally identify relevant algebras 



(6.1) T := End A (T) = End A (T) 



Lem 13.91 



/ A 



V o 



A 



At-2 
Ai- 3 

A n 



A t - X \ 
A e - 2 



A, 
A 



J 



We regard T° p ®kA as a Z-graded algebra by Definition 12. 17\ and regard T as a Z-graded 
r op ®k ^-module. It is convenient to write T_ as the following matrix form. 



T 



( ^"l)<o \ 
^-2)< 

V ^(0)<o j 



( A z 



\ 



2-i 
A! 

A 



-i 

A^ 



A ( 



o 

A e - 2 



A x 
A 



) 



Here the numbers l — £,2—£, --- , —1, above show the degrees. The action of T on T from 
the left is given by the matrix multiplication. Thus T is isomorphic to T as a r op -module. 
Now we consider a Z-graded y4-module 

2£-l 

M:=$A(i)> w . 

i=£ 

It is convenient to write M as the following matrix form by the similar way to T. 



(6.2) 



M 



( A(2£ 
A{2£ 



1) >i-^ \ 

2) >l-£ 



( At 

A t -x 



\ A(£)>i-i J 



o 

\ 



At 



A, 
A 2 



A £ 



A, J 



A 2 
\ A, 

The algebra T acts on M from both sides by the matrix multiplication, and we can 
regard M as a r op ®k T-module. Since the action of V on M from the left commutes with 
that of A from the right, we can regard M as a Z-graded r op ®k ^-module. 

We consider triangle-functors 



F :-- 



j r M[l] : D b (modr) — > D b (modr) 



G := H o (- ® r T) : D b (modr) — > mod z A 
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where H is given in (13. 4p . We know by Theorem 13.141 that G is an equivalence. 
We are ready to state our main results in this section. 

Proposition 6.1. We have the following commutative diagram of triangle- equivalences up 
to an isomorphism of functors. 

(6.3) D b (modr) >- mod z ^ 



F 



('-) 



D b (modr) ^ modM 

G 

The above commutative diagram suggests that the derived-orbit category D(r,M[l]) is 
equivalent to mod z ^ a A, and this is in fact the case by the following result. 

Theorem 6.2. There exists a triangle-equivalence 

G : D(r,M[l]) — » mod z/g A 

which makes the following diagram commutative. 

(6.4) D b (modr) >- mod z ^ 



nat. 



Ft 



D(r, M[l]) mod z/ffi A 

G 

We prove these results in the next subsection. 

6.2. Proof of Theorem 16.21 We keep the notations in the previous subsection. In this 
subsection, we prove Proposition 16.11 and Theorem 16.21 Our strategy is to construct a 
triangle ( 15. 2 p and apply Theorem 15.111 
We start with the following observation. 

L „ 

Lemma 6.3. There exists an isomorphism M ®r T ~ M in D (mod (r op ®k A)). 

L 

Proof. First since T is isomorphic to T as a r op -module, we have M £g>r T_ = M®yT_. Next 
the matrix multiplication gives an isomorphism 

/ : M ®r T_ 3 m (g) x i — > mx G M 

of (r op <S>k v4)-modules. Finally since /(M(g>r (£»)) c Mj holds for any « G Z, we have that 
/ is an isomorphism in mod z (r op ®# A). □ 

Lemma 6.4. The following assertions hold. 
(1) There exists an exact sequence 

21-1 

— >M — > A(i) — ► T{1) -»■ 

zn mod z (r op ® A). 
There exists a triangle 

21-1 2t-\ 

(6.5) A(t) — ► T{1) A M[l] ®r Z > [1] 

i=£ i=l 

in D b (mod z (r op ® K A)). 
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1) The following figure shows that the Z-graded A- module M is the first syzygy of 



Proof. 

the Z-graded A-module T_{£). 



( !_(£) | M ) 



Thus there is an exact sequence 



/ A 


A 1 ■ 


■ A e _ 2 


At-x 


A e 







\ 




A ■ 


■ A t - 3 


A e -2 


A t -x 


A £ 










A 


A, 


A 2 


A 3 ■■ 


• A £ 




\ o 






A 


At 


A 2 ■■ 


■ At^ At 


) 



21-1 



H0i(i)^T(f) 



i=£ 



in mod^A We can show End^©^ 1 ^( z '))o — T by the similar way as in Lemma 13.91 
Thus ©j-^ 1 A(i) is a Z-graded r op ®k A-module. It is easy to check that the above exact 
sequence is in mod z (T op ®k A). Thus we have the assertion. 

(2) Since each short exact sequence in mod z (r op (g>^4) gives a triangle in D(mod z (r op ®x 
A)), the assertion follows from (1) and Lemma [6.31 □ 



Now we are ready to prove Proposition 16.11 and Theorem 16.21 



Proof of Proposition lg.il We use the map 
X G D b (modr), we have a triangle 



given in (J63J). Let P 



@Z?m For 



H{X cg> r P) — > H(X ® r Z{£)) ( ® r % H{X ® r M[l] ® r T) — ► H(X ® r P)[l] 



in mod A by applying H(X ®r 
G(X)(£) and H(X ® r M[l] ® r T) 



to the triangle (16. 5p . Here we have H(X ®r T_{£)) = 
GF(X). Since X d r P belongs to K b (proj z A) 

L 



as an object in D (mod A), we have H(X £g>r P) = 0. Thus we have an isomorphism 



: G(X)(£) — > GF(X) in mod z A Consequently we have an isomorphism 



H{- ® r 0) : W o G — > G o F of functors. 



□ 



Thanks to Proposition I6.1[ we can show the following property of the derived-orbit 
category D(r,M[l]). 

Proposition 6.5. The following assertions hold. 

(1) We have an equivalence D b (modr)/F ~ ( mod 2 A)/ (£). 

(2) The derived- orbit category D(r,M[l]) is a Horn-finite Krull- Schmidt category. 

Proof. (1) By Proposition 16.11 G induces an equivalence D b (modr)/F ~ (mod z /!)/(£). 

(2) By (1), D b (modr)/F is Horn-finite. By this fact and since D b (modr)/F is closed 
under shifts [±1] and generates D(r, M[l]) as a triangulated category, D(r,M[l]) is Horn- 
finite by Lemma [2.121 

To show that D(r,M[l]) is Krull- Schmidt, we only have to show that it is idempotent 
split. The category D(r,M[l]) is defined as a thick subcategory of the derived category 
of some DG orbit category (see Definition 15. 9j) . By |Ne[ Proposition 1.6.8], the derived 
categories of DG categories are idempotent split. Thus D(r, M[l]) is idempotent split. □ 
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Proof of Theorem \6. 6 A Applying Theorem 15.111 to the triangle (I6.5P given in Lemma 16.41 
(2), there exists a triangle-functor G : D(T,M[1]) — > mod z ^ a A which makes the diagram 
(16. 4p commutative. 

We show that G is an equivalence. By Theorem 15.111 and Proposition 16.51 (1), we have 
a commutative diagram 

D b (mod T) /F (mpd z A) /{£) 



D(r,M[i]) 



mo 



G 



where the upper functor is an equivalence. Applying Lemma 12.131 we have that G is an 
equivalence. □ 



6.3. Examples. In this subsection, we give examples of Theorem 16.21 
First we consider positively graded symmetric algbras. 

Example 6.6. Let A be a positively graded symmetric algebra of Gorenstein parameter 
£, T the algebra given in (16. ip . and M the r op &k T-module given in (16. 2p . 

Now we show that there exists an isomorphism M ~ DT of r op ®k T-modules. Indeed 
since A is symmetric and has Gorenstein parameter £, there is an isomorphism 

tp : A — > D{A{i)) 

of graded A op ®x A-modules. Then the restriction of <p gives an isomorphism 



e-i 



of K- vector spaces. 

Now we define an isomorphism 



tp : M 



( A, 
Ai-i 

A 2 
\ A, 



Ac 

A 3 
A 2 



At 
Ai-i 



\ 



A e J 



( D(Ao) 
D(A 1 ) 

D(A e _ 2 ) 
V D{A t _ x ) 



D(A ) 

D(At- 3 ) 
D(A e _ 2 ) 



D(A ) 
D(A 1 ) 



\ 



D(A ) J 



of K- vector spaces by 

(p{{xij)) := {(p{xij)) 

for any (xy) G M. One can check that <p is an isomorphism of r op ®k T- modules. 

By the above description of M, if A has finite global dimension, then we have a triangle- 
equivalence 

D(I\£>r[l]) ~ moc 

by applying Theorem [ 



The second example is an application of Example 16.61 to trivial extensions (see Example 

Example 6.7. Let A be an algebra, and A the trivial extension of A. We consider the 
positive grading on A given in Example 13.151 Then A is a positively graded symmetric 
algebra of Gorenstein parameter 1 (Remark I3.17p . Thus if A has finite global dimension, 
then there exists a triangle-equivalence 

D(A,DA[1]) ~ modA 
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by Example 16.61 Thus the stable categories of trivial extensions are always triangle- 
equivalent to "(— l)-cluster categories". 



Finally we continue to discuss Example 13.181 

Example 6.8. We keep the notations in Example 13.181 So A = K[x]/(x n+1 ) is a positively 
graded symmetric algebra with degx = 1. Then A has Gorenstein parameter n. By 
Corollary 16. 6[ there exists a triangle-equivalence 

(6.6) mod z/nZ A ~ D(r, DT[1]). 

where r is an n x n upper triangular matrix algebra over K. 

Now we consider the special case n = 2 as in Example 13.181 Since a complete set of 
indecomposable Z/2Z-graded A-modules is given by {F 2 (X t (j)) \ % — 1,2, j — 0, 1}, we 
obtain the Auslander-Reiten quiver of mod z ^ 2Z A by identifying each vertex X with X(2) 
in the Auslander-Reiten quiver (13.61) . 




A"-- X-( 1 )•- X 2 

On the other hand, let 

F := — <t> r DT[1] : D b (modr) — > D b (modr). 

Then we have F ~ r[2] by Theorem 12.31 By this and since V is hereditary, the orbit 
category D b (modr)/.F has the natural structure of triangulated category by [Ke2[ Section 
4, Theorem]. Thus we have D(T, Dr[l]) = D b (modr)/F. We obtain the Auslander-Reiten 
quiver of D(T, Z?r[l]) by identifying each vertex X with FX in the Auslander-Reiten quiver 

P x [i] 




/ / I-- p2 

The above Auslander-Reiten quivers of mod z ^ 2Z A and D(r, Dr[l]) have the same shape, 
and this is a consequence of our triangle-equivalence Theorem 16.21 
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